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Abstract: The air-gap of electrical machines may become non-uniform due to low
accuracy of the manufacturing machinery, in assembling processes, or by aging. Detection
and monitoring of this phenomenon is very important and of interest. There are several
methods to model non-uniform air-gaps and to detect them by monitoring systems. One of
the most widely used methods is by the analysis of the line currents. In this paper a new,
simple and comprehensive method is presented to model and detect non-uniform air-gaps
in synchronous generators with skewed rotors. The influence of non-uniform air-gaps on
the harmonics of the induced voltage of the stator is investigated by the proposed method.
Simulations are performed for three cases: uniform air-gap, static rotor eccentricity, and
stator ovality in a two phase generator. The experimental results are also presented. The
good correspondence between the simulation and the experimental results clearly validates
the theoretical findings put forward in this paper.
Keywords: Non-Uniform Air-Gaps, Output Voltage Harmonics, Static Rotor Eccentricity,
Stator Ovality, Synchronous Generator.

1 Introduction 1
Rotating electrical machines play an essential role in the
world’s industrial life. The failure of critical rotating
machines even if it is temporary, may lead to huge
damages. Hence, monitoring and detection of faults in
electrical machines is very crucial. References [1] and
[2] have more details and refer to more references on
different monitoring techniques of large motors and
generators.
Several methods have also been proposed to model
and detect non-uniform air-gaps in induction machines
[3-8]. This subject has been less considered in
synchronous machines. References [9, 10] have
modeled this phenomenon in synchronous generators by
both the modified winding function approach (MWFA)
and the finite element methods and investigated
dynamic air-gap eccentricity by analyzing statorcurrent-induced harmonics. References [11] and [12]
have used the neutral line current and inductive sensors
to detect non-uniform air-gaps in large synchronous
generators respectively. Here, the authors are proposing

to use the induced phase voltage of the stator to detect
static rotor eccentricity and stator ovality on salient-pole
synchronous machines. This approach is different from
the one proposed by Htsui and Stein [13], which utilizes
the shaft voltage signals to detect rotor-related problems
on salient-pole synchronous machines.
Many papers have been published in the literature
about modeling non-uniform air-gaps such as: finite
element, MWFA and decomposition of the air-gap
between each winding into harmonic components in the
equivalent electrical circuit [9, 10], [14-16]. One can
deduce from the papers that the methods are complex
and time consuming. In this paper a new and simple
analytic method is proposed to model a synchronous
generator with a skewed rotor. By this method the
influences of a non-uniform air-gap on the harmonics of
the output phase voltage are investigated. Output
voltage analysis for fault detection in comparison with
line current analysis has the advantage that its
measurement is easier than the line current. Simulation
and experimental results verify the applicability of the
method to detect faults.
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2 Case Study
The generator for this case study is a two-phase,
salient pole synchronous generator with a 16-slot stator
as shown in Fig. 1. In order to generate a sinusoidal
output voltage, the stator windings are distributed
sinusoidally and the coils are connected to each other in
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a spiral form as shown in Fig. 2(a). Fig. 2(b) illustrates
magneto-motive force distribution in the air-gap space.
To eliminate the slot harmonics the rotor is skewed as in
Fig. 3.

where e , B , ω , R0 and l (t ) are the induced voltage
in each conductor, the magnetic flux density, the
angular velocity, the inner radius of stator and the length
of conductor that is subjected to the magnetic flux of the
rotor in a period, respectively. l (t ) Can be defined as
bellow:
If α and β are respectively the rotor skew angle
and the width of the pole face of the rotor as shown in
Fig. 4, then the waveform of l (t ) will be as depicted in
Fig. 5. Here, T and L are the rotating period and the
axial length of the rotor respectively. In the study, α is
assumed 22.5 degrees to eliminate slot harmonics and β
is assumed 100 degrees to eliminate the third harmonic
[17, 18].

Fig. 1 Cross section of the rotor and the stator

0. 507 N s is Sinθ

3 Modeling
The procedure of modeling method can be
summarized as follows:
To obtain the output voltage of a non-uniform airgap generator, the induced voltage of each stator
conductor should first be calculated by Lorentz law and
then, properly added together. The skewing of a rotor
will change the waveform of the induced voltage from a
rectangular shape to a trapezoidal one as will be
described later.
The induced voltage in each stator conductor in a
rotating period of a rotor can be obtained by Lorentz
law as in Eq. (1).
e = B.R0 .ω.l (t )
(1)
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Fig. 4 The illustration for α and β
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Fig. 2 (a) The winding connection diagram (b) The mmf
distribution in air-gap space

Period(Rad)

Fig. 3 The skewed rotor
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Fig. 5 Length of conductor that is subjected to the magnetic
flux in a period
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By using Eq. (1), the induced voltage in each coilside is as in Eq. (2).
e = n.B.R0 .ω .l (t )
(2)
where n is the number of turns in the coil.
To obtain the magnetic flux in the air-gap, Eqs. (3)
and (4) can be used.
(3)
mmf = nr .ir = φ .ℜ = B. A.ℜ

nr .ir μ 0
(4)
=
nr .ir
A.ℜ
g
where nr , ir , φ , ℜ , A , μ 0 , and g are the number of
B=

turns in rotor coil, the rotor current, the magnetic flux of
rotor, the magnetic reluctance, the cross section area of
rotor, the permeability of air and the length of air-gap of
the machine, respectively. In the non-uniform air-gap
case, g is a function of θ and should be stated by g (θ ) ,
where θ is the angle of the related coil-side slot.
Considering Eqs. (2) and (4) and Fig. 5 for l (t ) , one
can calculate the induced voltage in each coil-side and
then, add them up properly to obtain the output voltage.
One should note that in adding up the coil-side voltages,
not only the sign but also the 2π / k phase difference
should be considered. Here, k is the number of stator
slots.
It should be mentioned that this method of modeling
is not limited to skewed salient-pole rotors. With the
proposed method it is easy to model other rotor types
such as salient-pole, wound, skewed, and non-skewed.
For example if the rotor studied in this paper was not
skewed, Fig. 5 would be changed to a step shape (not
inclined shape). If rotor is of wound type, the produced
magnetic flux density used in Eq. (2) is not constant. In
this case, the flux density would have a multi-step wave
form according to the rotor winding distribution.
In this research, a MATLAB/SIMULINK program is
implemented to calculate the induced output voltages.
Modeling is done for three cases: uniform air-gap, stator
ovality, and static rotor eccentricity. Moreover, the
effects of each case on the harmonics of the output
voltage are investigated.
3.1 Uniform Air-Gap
For the uniform air-gap, g (θ ) is constant and the
induced output voltage can easily be obtained.
3.2 Stator Ovality
As it is depicted in Fig. 6, the stator ovality causes
the air-gap between the rotor and the stator to become
non-uniform.
By using the ellipse equation in polar coordinates,
and written in Eq. (5), one can calculate the length of
the air-gap corresponding to each stator slot at an angle
of θ , as in the following:
( R cos(θ )) 2 ( R sin(θ )) 2
(5)
+
=1
a2
b2

g (θ ) =

1
− r0
cos2 θ
sin 2 θ
+
2
( R0 + dR) 2
R0

(6)

where a , b , R0 , R , dR and r0 are the small and the
large radii of ellipse, the inner radius of stator, the
distance of inner points of the stator to the center, the
increased magnitude in stator radius, and the outer
radius of rotor, respectively as shown in Fig. 6. It is also
assumed that a = R0 and b = R0 + dR . Now by
knowing g(θ), one can obtain the induced voltage in
each coil-side.
3.3 Static Rotor Eccentricity
Static rotor eccentricity causes a nonuniformity in
the air-gap as shown in Fig. 7.
The equation for the small circle in polar coordinates
is as bellow:

( r cosθ − dx) 2 + ( r sinθ − dy) 2 = r0
r = dx cosθ + dy sinθ +

2

( dx cosθ + dy sinθ ) 2 − dx2 − dy2 + r0

(7)
(8)

2

where r is the distance of outer points of rotor to the
stator center and dx and dy are the rotor deviations
from the center with respect to x and y axes,
respectively. Now g (θ ) can be written as in Eq. (9) and
therefore, the induced voltage corresponding to each
coil-side can be obtained as before.
g(θ ) = R0 − r = R0 − ( dxcosθ + dysinθ +
( dxcosθ + dysinθ ) 2 − dx2 − dy2 + r0 )
2

(9)

4 Simulation Results
Here, the simulation results for the three mentioned
cases are presented. In the stator ovality case,
calculations are performed for the condition that stator
is deformed and extended in the x axis by 50% of the
air-gap length. In the case of rotor eccentricity, rotor is
moved in the x and y axes up to 50% of the air-gap
length. For each case the output voltage waveform
along with its Fourier analysis is presented. The Fourier
diagrams show the percentage of each harmonics in
terms of the fundamental component, and for clarity
each diagram is cut at 4%. Figs. 8, 9 and 10 depict the
results for uniform air-gap, the stator ovality and the
static rotor eccentricity, respectively.
From Figs. 9 and 10 one can deduce that nonuniformity of air-gap causes a significant increase in the
third harmonic of the output voltage in both cases of
stator ovality and static rotor eccentricity. It is also
noticed that compared to the stator ovality case, the fifth
harmonic increases slightly in the static rotor
eccentricity case. The comparison of the percentages of
the odd harmonics for the three cases is summarized in
Table 1.
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FFT window: Output of Generator with Uniform Air-gap
2
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a

voltages and Fourier diagrams of those three cases are
respectively shown in Figs. 13, 14 and 15.
The diagrams and the experimental data summarized
in Table 2 verified simulation results and showed that

Fig. 6 A non-uniform air-gap caused by stator ovality
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Fig. 7 A non-uniform air-gap caused by static rotor
eccentricity
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The results are not limited to the case of skewed
salient-pole rotors. The skewing of rotor and nonuniformity of air-gap affects harmonics differently. For
the proposed case study, skewing has an impact on slot
harmonic numbers 15 and 17, whereas non-uniformity
of the air-gap influences the 3rd and 5th harmonics. On
the other hand, implementing a sinusoidal distributed
wound rotor produces a more sinusoidal output voltage
and does not add any additional harmonics. Thus, the
two different types of rotors produce similar results.
5 Experimental Results
To verify the expected effects of non-uniform airgap on synchronous generators, a skewed rotor was
designed and constructed inside the stator of a twophase generator as shown in Fig. 11.
The rotor was then excited with 20 mA of current
and rotated at a speed of 1200 rpm. Fig. 12 shows the
open circuit output voltage of the generator on a scope.
Tests were performed for three cases: uniform air-gap,
static rotor eccentricity and stator ovality. The output
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Fig. 8 (a) The waveform and (b) The Fourier diagram of the
output voltage for the uniform air-gap case
FFT window: Output of Generator with Oval Stator
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Table 1 The percentages of the odd harmonics in the
simulated output voltages
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Fig. 9 (a) The waveform and (b) The Fourier diagram of the
output voltage for the stator ovality case
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non-uniform air-gap caused a marked increase in the
third harmonic of the output voltage. Small
discrepancies between the experimental and simulation
results might be due to mechanical and/or electrical
measurements, non-uniformity of magnetic material and
saturation that were not considered in the simulation.
Table 2 The percentages of the odd harmonics in the
experimental output voltages
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7th

9th

Uniform Airgap
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0.1

0.23

Rotor
Eccentricity
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0.34
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0.15
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Fig. 12 The open circuit output voltage of the generator on a
scope
FFT window: Output of Generator with Uniform Air-gap
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Fig. 10 (a) The waveform and (b) The Fourier diagram of the
output voltage for the static rotor eccentricity case

Fig. 11 The rotor of the built generator
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Fig. 13 (a) The waveform and (b) the Fourier diagram of the
output voltage for the uniform air-gap case

6 Conclusion
In this research, the harmonic analysis of the open
circuit phase voltage was implemented to monitor and
detect the non-uniform air-gap of a synchronous
generator. The proposed model was simple, yet accurate
enough to simulate and investigate the effects of nonuniformity in the air-gaps of generators with very small
computer memory requirements. The results showed
that non-uniformity of air-gap caused a significant
increase in the third harmonic of output phase voltage.
The correspondence between the experimental and
simulation results was close, the difference being within
the estimated experimental error band.
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The authors believe the model can also be easily used to
analyze the effects of generator dimensions, number of
stator slots, number of turns in stator coils, and the rotor
skew angle among others. The studies are still going on
and the results will be presented at the next occasion.
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Fig. 14 (a) The waveform and (b) the Fourier diagram of the
output voltage for the stator ovality case
FFT window: Output of Generator with Eccentric Rotor
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Fig. 15 (a) The waveform and (b) the Fourier diagram of the
output voltage for the static rotor eccentricity case
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