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Abstract: In this paper, the effect of Static VAr Compensator (SVC) parameters on the
nonlinear interaction of steam power plant turbine-generator set is studied using the Modal
Series (MS) and Normal Form (NF) methods. A second order representation of a power
system equipped with SVC is developed. Then by MS and NF methods, the nonlinear
interaction of torsional modes is assessed under various conditions and the most influencing
factors are determined. Furthermore, to better analysis the nonlinear interaction between
torsional modes and SVC controllers new nonlinear interaction index is defined. The results
show that the stress conditions and some SVC control parameters will adversely affect the
dynamic performance of a power system by increasing the nonlinear interaction of torsional
modes. In this situation, the nonlinear modal analysis techniques especially MS method can
precisely provide a reliable prediction of the torsional oscillations amplitudes and the
frequency content of the output system response. As the angle and speed of turbinegenerator segments are used as input signals in several controllers, the frequency content of
these signals are quite important in designing such controllers. This analysis is performed
on a 4-areas WSCC system, which is equipped with a SVC.
Keywords: FACTS Devices, Modal Series Method, Nonlinear Analysis, Nonlinear
Interaction.

1 Introduction1
The potential for interactions between the turbinegenerator shaft, and other system devices has long been
a consideration in the design of bulk-power systems. A
steam power plant turbine-generator set consists of
several masses connected to each other by shaft
segments having bounded stiffness coefficients. The
modes associated with these masses are known as
torsional modes. The interaction between torsional
modes and system controllers like FACTS devices is
known as subsynchronous torsional interaction (SSTI)
[1]. The SVC is one of FACTS devices that used in
power system to improve the voltage profile and
increase the stability limits [2-3]. The installation of
SVC in power systems may lead to the occurrence of
SSTI phenomenon. Depending on the power system
conditions and the parameters of SVC controllers, the
interaction may be negligible or critical. In case of
adverse SSTI, the torsional oscillations amplitudes and
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their periods are increased, so in long term may give
rise to a significant reduction in the lifetime of the shaft
[1]. In this respect, the precise analysis of SVC torsional
interaction and estimating the torsional oscillations
amplitudes, periods, and frequency contents can be
quite important. In [4-7], the SSTI phenomenon with
SVC is assessed using linear modal analysis and the
time domain simulation approaches.
In time domain approach, the necessary information
corresponding to the dynamic behavior of the system is
not provided. On the other hand, the linear analysis
method also cannot well demonstrate the nonlinear
interaction phenomena [8].
In stressed power systems, especially those equipped
with FACTS devices, the nonlinear effects are
significantly increased, and nonlinear analysis methods
are needed to investigate the dynamic performance of
power systems. Therefore, in cases where the power
system is under stress, the linear analysis approach
cannot exactly analyze the SSTI phenomenon and so
cannot estimate the torsional oscillations amplitudes and
their frequency content.
In this situation, the nonlinear modal analysis
approaches such as Normal Form (NF) or Modal Series
(MS) methods should be used to investigate the
dynamic behavior of power systems. In recent years, the
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NF and MS methods have been used to study the power
system dynamic phenomena [8-17]. In these papers, it is
shown that in stressed power systems, the possibility of
the nonlinear interaction increased. In [9], by use of the
NF method, it is shown that the nonlinear interaction
affects the behavior of the controllers, which are
designed based on the linear theory. In [10] the
nonlinear measures of modal controllability and
observability are developed based on NF method. In
[11-12], the NF is used to analyze the interaction of
SVC with inter-area modes and the interaction between
multiple SVCs. In [8, 13], MS method has been
employed for analyzing the dynamic behavior of
stressed power systems. These papers show that the
nonlinear interaction between linear modes makes the
response of the nonlinear system differ from linear
modal results. In [14], the accurate nonlinear estimated
model is derived from MS method that could be used in
controller design and studying the time domain signals
in nonlinear systems, especially in power systems. In
[15], by using MS method the dynamic behavior of
power system has been studied under stressed
conditions and near instability. In [16], MS method is
used to obtain the second and first-order solutions of
torsional dynamics torques in the IEEE FBM test
system. In [17], based on the MS method by using the
theorems of multidimensional Laplace transform an
extension of the MS method has been performed to
solve the dynamic nonlinear system as an algebraic
problem.
Regarding the importance of the nonlinear effects on
the SSTI phenomenon, in the previous work the
nonlinear interaction between torsional modes and SVC
controllers is studied using the MS method [18].
Although the MS method renders some advantages in
presenting the nonlinear system [8, 19], but in the
present study the NF method is also used due to its more
general applications in power systems. Furthermore, to
extend the previous work, in the present paper this
subject is precisely analyzed considering the most
effective factors through comparative assessment. In
addition, in this paper the impact of SVC parameters on
the nonlinear interaction between torsional modes and
SVC controllers is studied. To do so, at first, the second
order Taylor expansion of equations governing the
power system equipped with SVC is performed around
the stable operating point. Then by using the MS and
NF methods and the corresponding indices, the required
quantitative assessment of SSTI is fulfilled. In addition,
the proper nonlinear interaction index is defined to well
investigate the effects of SVC parameters on nonlinear
torsional interactions. In addition, time domain
simulation is used to confirm the obtained analytical
results. The paper is organized as follows. In Section 2,
the mathematical model of the power system is
presented. The nonlinear modal analysis methods are
introduced in Section 3. The case study and the obtained
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results are shown in section 4. The conclusions are
given in section 5.
2 Mathematical Model of a Power System with
SVC
To study the nonlinear interaction of torsional modes
with SVC controllers, the dynamic equations governing
the studied power system should be defined. The study
system comprises the steam turbine, synchronous
generator, transmission line, and SVC.
2.1 Synchronous Generator Equations
The d-q axes model is used to represent the
synchronous generator. In addition, a thyristor-based
exciter with a high transient gain is considered as the
excitation system. The synchronous generator equations
are obtained as follows:
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machine. The state variables and parameters in Eq. (1)
have the same meaning as in [20].
2.2 SVC Representation
SVC is a shunt compensation device that normally
includes the Thyristor Switched Capacitors (TSCs),
Thyristor Control Reactors (TCRs) and control system
[21]. The single-line diagram of the SVC is shown in
Fig. 1.
The block diagram of the controller used for the
SVC is shown in Fig. 2 [22]. Based on this model for
SVC k, dynamic equations are described by Eq. (2).
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where Vtsvc is the terminal voltage of kth SVC.
k
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3 Approximate Solutions Based on Modal Analysis
In general, it is impossible to obtain a closed
solution for nonlinear systems. Therefore, the
approximate methods can be used to study the behavior
of nonlinear systems. These methods are based on
Taylor expansion of nonlinear system equations around
the stable equilibrium point. If Eq. (5) exhibits the
nonlinear dynamic equations of a power system with N
variables, Eq. (6) will be the Taylor expansion of Eq.
(5) around the stable equilibrium point.

X& = F ( X )

(5)

Fig. 1 Single-line diagram of SVC.
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Fig. 2 SVC control system block diagram.

where λ j is eigenvalue and C is defined as:

2.3 Network Representation
Assume that in a power system with n bus there are
ng generator, ns SVC and nl load bus without voltage
support equipment. For the sake of simplicity the
generator buses are ordered as {l, …, ng}, followed by
buses at which SVCs are installed {ng+1, …, ng+ns} and
finally, the load buses without SVC {ng+ns+1, …, n}.
By eliminating the load buses without voltage support,
the reduced admittance matrix is obtained as:
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where U and V, respectively, denote the matrices of
right and left eigenvectors of Jacobian matrix A.
3.1 Linear Method
If in Eq. (7) only the first term is considered and the
higher-order terms are neglected, the linear approximate
solution of Eq. (5) in Y-coordinate becomes:

y j (t ) = y j0 e

λ jt

(9)
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transformation of Eq. (7) is defined by [8]:
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3.2 Normal Form Method
If the second order resonance does not exist (the
inequality λ k + λ l ≠ λ j is satisfied), the NF nonlinear

where
I g = ⎡ IQ + jI D

(6)

In Eq. (6), A and H, respectively, denote to Jacobian
and Hessian matrices. By applying the linear
transformation X=UY to first and second order terms of
Eq. (6), yields:

e‐ sTd
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1 sTsvc

1

⎦

Using an appropriate coordinate transformation, the
network current Ig and voltage Vg can be expressed in
machine d-q coordinate. Then by solving the equations
Eq. (3) the current Iqd is obtained in terms of the
generator internal voltage E′qd [20].

(10)

where
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z k zl
j
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)
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By introducing this transformation in Eq. (7) and
retaining up to second order terms, the NF second-order
approximate solution of Eq. (5) in Y-coordinate is given
by [9]:
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y j (t ) = z j0 e

λ jt

(12)

j
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In Eq. (12) the initial conditions Z0 are calculated by
numerical solution of the nonlinear equations
Z0 + h2 ( Z0 ) − Y0 = 0 [23].
3.3 Modal Series Method
By considering first and second order terms in
Eq. (7), the MS second order approximate solution of
Eq. (5) in Y-coordinate is obtained as follows [8]:
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3.4 Nonlinear Interaction Indices Based Modal
Series and Normal Form Methods
To analyze the nonlinear behavior of a power system
using the MS and NF methods, the nonlinear interaction
indices can be used. The nonlinear interaction index is
an approximate expression, which determines the level
of nonlinear interaction of a system mode with other
modes. With respect to MS and NF solutions, by

comparison the amplitude of nonlinear mode e
with linear mode e
defined:
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The indices MI2 and NI2 show that which nonlinear
mode has the most effect on the linear mode j. The high
value of these indices implies the existence of severe
nonlinear interaction between system components
related to j-th mode with system components related to
k-th and l-th modes.
When it is intended to investigate the effect of an
especial nonlinear mode on the nonlinear interction with

steam power plant turbine-generator and SVC
controllers, the 4-areas WSCC system that is equipped
with a SVC is used. The single-line diagram of the
studied system is shown in Fig. 3. Since bus 5
experiencing the worst voltage profile, the SVC is
installed in this bus. The test system parameters are
found in [20], and their summaries are listed in
Appendix.
4.1 Eigenvalue Analysis of Study System
The first-order Taylor expansion of the test system
equations is obtained and the fundamental modes and
the corresponding system components are determined
using the approximate linear analysis. For the sake of
simplicity, only the generator G2 is considered as steam
unit and the nonlinear interaction between SVC and
torsional modes of this generator is studied. The
turbine-generator of the thermal unit in the test system
is modeled by five torsional masses represent a highpressure (HP) turbine section, three low-pressure (LPC,
LPB, LPA) turbine sections, and the rotor of the
generator (GEN).
The test system modes are shown in Table 1. As
seen the modes 4, 6, 8 and 10 reveal the torsional modes
of generator G2.
4.2 Nonlinear Analysis of Interaction Between
Turbine-Generator and SVC Controllers
To study the nonlinear interaction between turbinegenerator set and SVC controllers by MS and NF
methods, the second-order Taylor expansion of test
system equations is obtained. The stress condition is
provided by increasing the clearing fault time [11]. In
normal and stress conditions, the fault is cleared
respectively in 0.15 and 0.35 second. The fault is
applied on line connected between buses 4 and 6, and
this line is opened at the instant of fault and closed after
its clearance. According to the MS and NF nonlinear
interaction indices presented in section 3, the nonlinear
interaction between torsional modes and other system

j

the linear mode j, the coefficient MC kl defined in Eq.
(16) is used.
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4 Case Study
For analyzing the nonlinear interaction between

110

Fig. 3 Single line diagram of the test system.
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Table 1 Eigenvalues of the Test System.
Mode

Eigenvalue

Frequency
(Hz)

Source

1

-505

0.0

SVC

2,3

-6.75±j210.8

33.6

SVC

4,5

-0.5±j135.5

21.6

G2 (Torsional)

6,7

-0.06±j116.6

18.6

G2 (Torsional)

8,9

-0.09±j87.7

14.0

G2 (Torsional)

10,11

-0.08±j48.5

7.7

G2 (Torsional)

12

-42.9

0.0

G1

13

-42.1

0.0

G2,G4

14

-40.2

0.0

G2,G3,G4

15,16

-25.6±j10

1.6

G3,G4

17,18

-0.27±j10.8

1.7

G1-G4 (Inter-area)

19,20

-0.25±j9.9

1.6

G1-G4 (Inter-area)

21,22

-0.2±j10.1

1.6

G2-G4 (Inter-area)

23

-13.6

0.0

G3,G4

24,25

-12.5±j0.2

0.03

G1,G2,G4

26

0

0.0

G3 (Reference)

27

-0.18

0.0

G1,G4

28

-2.2

0.0

SVC

29

-3.1

0.0

G1

30

-4.9

0.0

G2,G3,G4

31

-3.91

0.0

G2,G4

32

-4.2

0.0

G3

components are investigated in normal and stress
conditions. The modes suffering the maximum
nonlinear torsional interaction along with the levels of
nonlinear interaction are shown in Table 2.
As seen from Table 2, the results of MS and NF
methods show that in the absence of SVC, the nonlinear
interaction of torsional modes occurs with the exciter
system of generator G1 (mode 12) and inter-area mode
(modes 17 and 19). In this case, stress condition has no
noticeable effects on the nonlinear interaction of
torsional modes. Whereas in the presence of SVC the
maximum nonlinear interaction of torsional modes
occurs with SVC controllers and exciter systems (mode
2, mode 3 and mode 13) and the stress condition
noticeably increases the nonlinear interaction.
The results show that in some cases the NF and MS
methods leading to different results regarding the
detection of the nonlinear mode having maximum
interaction with torsional modes. This matter indicates

that to obtain the accurate analytical results selecting the
appropriate nonlinear modal analysis method is quite
important. As shown in [8] the validity region of the MS
method is independent of the resonance between modes
and in contrast to NF method it does not use the
nonlinear transformation. The NF nonlinear index NI2
is computed based on the initial conditions Z0, which in
turn calculated by solving a set of nonlinear equations.
Regarding the problems that we are encountered in
solving the nonlinear equations and the possibility of
existence of several solutions, one can conclude that the
validity of NF indices is less than that of MS indices.
Therefore, in the rest of the paper only the MS method
is used to analysis the nonlinear interaction.
To validate the analytical results obtained by MS
method, in the presence of SVC the output response of
the test system is calculated using the nonlinear step by
step simulation, approximate linear and modal series
methods. The torsional torques imposed to the shaft
segments of G2 and the generator speed along with their
frequency contents are shown in Figs. 4 and 5.
The simulation results show that the MS response
well follows the nonlinear response while the
approximate linear response is noticeably different from
nonlinear one. As seen from Fig. 4, the MS method well
predicts the amplitude of torsional oscillations and the
frequency content of the torques imposed to the shaft.
However, the obtained results from MS method show
that the turbine-generator shaft is subjected to damage
but the linear method cannot precisely estimate the
amplitudes of torsional oscillations. In addition, the
frequency analysis obtained by linear method cannot be
reliable. For example, the linear method cannot truly
reveal the importance level of frequency 7.7Hz and
18.6Hz in the torque LPB-LPA; however, the MS well
indicate the importance level of these frequencies in the
related torsional torque.
Table 2 Nonlinear Interaction Indices MI2 and NI2 at
Torsional Modes in Different Conditions.
Without SVC
With SVC
Nonlinear Torsional
Interaction
Normal Stressed Normal Stressed
Mode
Indices
Condition Condition Condition Condition

MI2

NI2

4

0.11(12,19)0.13(12,19) 0.07(2,3) 0.26(2,3)

6

0.12(12,19)0.12(12,19) 0.11(2,3) 0.24(2,3)

8

0.26(12,19)0.29(12,19) 0.17(2,3) 0.47(2,3)

10

0.18(12,19)0.15(17,17) 0.15(2,3) 0.30(2,3)

4

0.99(12,12)1.15(12,12) 0.08(2,3) 0.59(2,13)

6

0.89(12,12)1.17(12,12) 0.13(2,3) 0.61(2,13)

8

1.1(12,12) 1.28(12,12) 0.22(2,3) 0.54(2,13)

10

1.25(12,12)1.26(12,12) 0.18(2,3) 0.4(2,13)
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Fig. 4 Torsional torques imposed to the shaft of generator G2 and its FFT.
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Furthermore, Fig. 5 shows that the MS method well
identifies the frequency content of generator speed. For
instance, however the approximate linear analysis does
not illustrate the presence of frequency 7.7Hz in the
speed signal of generator G2, the results obtained from
MS method confirm the existence of this frequency. As
the speed of turbine-generator is commonly used as
input signals in several controllers, the frequency
content of this signal is quite important in designing
such controllers. Thus if the existing frequencies and
their impacts are not determined accurately, the good
performance of controllers will not be expected.
By adverse nonlinear interactions between torsional
modes and SVC controllers, a serious warning is
provided regarding the excessive imposed torques on
the shaft segments. To investigate the physical effect of
increasing the nonlinear interaction of torsional modes
the torques imposed to the shaft is simulated in stressed
and normal conditions for two cases with and without
SVC and the results are shown in Fig. 6.
The simulation results show that the presence of
SVC and the level of nonlinear interaction are two
important factors that led to significant increase of
torsional oscillations imposed to the shaft. The
simulation results verify that when the nonlinear
interaction of torsional modes increases the amounts of
torsional oscillations imposed on the shaft will
significantly increase.
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Fig. 6 Torsional torques imposed to the turbine-generator G2 for different conditions.

4.2.1 Voltage regulator gain (KSVC)
At different values of voltage regulator gains the
nonlinear interaction between torsional modes (mode 4,
6, 8, 10) and SVC mode (mode 2, 3) is calculated using

j
, and the
the nonlinear interaction coefficient MC kl

results are shown in Fig. 7.
As seen from Fig. 7, by increasing the voltage
regulator gain the nonlinear interaction with torsional
modes is increased. This increase can provide an
MCkj ,l

As seen from Table 2, when SVC is not in operation
the level of nonlinear interaction of torsional modes is
not noticeably different in stress and normal conditions.
The simulations also verify that in these conditions the
amplitude of torsional oscillations is the same. On the
other hand, the analytical results in Table 2 show that
when SVC is in operation the levels of nonlinear
interaction of torsional modes are significantly
increased in stress conditions. Fig. 6 indicates that in the
presence of SVC, when power system is under stress
condition, the amplitude of torsional oscillations is
severely increased in compare with normal condition.
To assess the effects of SVC parameters on the
nonlinear interaction with torsional modes, for different
values of SVC parameters the nonlinear interaction of
torsional modes is investigated. The results indicate that
the voltage regulator gain (KSVC) and the thyristor firing
delay (Td) are two important parameters of SVC that
influence the nonlinear interaction between torsional
modes and SVC controllers. The obtained results for
these two parameters are prepared as bellow.
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Fig. 7 The level of nonlinear interaction between torsional
modes and SVC controllers for different values of SVC
voltage regulator gains.
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4.2.2 Thyristor firing delay (Td)
In the thyristor susceptance control block shown in
Fig. 2, the parameter Td denotes the effect of thyristor
firing delay. In this section, the effect of this parameter
on the nonlinear interaction of torsional modes is
assessed. The amount of coefficient MC klj is calculated

for different values of Td and the results are shown in
Fig. 9.
As seen from Fig. 9, by increasing Td the nonlinear
interaction with torsional modes is increased, which
may damage the shaft. The torsional oscillations

MCkj ,l

important alert signal to system operators implying the
growth of torsional oscillations. The torsional torques
imposed on the shaft of turbine-generator G2 are shown
in Fig. 8.
The results show that by increasing the voltage
regulator gain the amplitudes of some torsional
oscillations are increased. For example, when KSVC is
equal to 85pu, the peak torques experienced by shaft
section LPA-GEN is approximately twice the case of
KSVC is equal to 75pu. In this situation, a significant
reduction in the lifetime of the shaft occurs.
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Fig. 9 The level of nonlinear interaction between torsional
modes and SVC controllers for different values of SVC
thyristor firing delay.
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Fig.10 Torsional torques imposed on the shaft of G2 for
different SVC thyristor firing delay.
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Fig. 8 Torsional torques imposed on the shaft of G2 for
different SVC voltage regulator gains.
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imposed on the shaft of G2 for different values of
parameters Td are shown in Fig. 10. It is seen that for
large values of delay, the amplitudes of torsional
oscillations imposed to the shaft are increased.
According to the important obtained results and the
quite important matter of shaft vulnerability, the
nonlinear interaction of torsional modes with other
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Synchronous generator data (Sbase=100 MVA):
x d = 1.3, x q = 1.26 , x d′ = 0.18 , x q′ = 0.18 ,
′ = 6s ,τ qo
′ = 0.6s , R a = 0.0
τ do

system components should be studied carefully. To
protect the shaft segments from any undesirable
nonlinear interactions effects, an appropriate technique
should be used to reduce them as far as possible. For
this, one procedure is to place some constrains on the
design parameters and tuning the power system
controllers, which significantly contribute in the
nonlinear interactions of torsional modes. This matter
will be further elaborated in the future research works.

Exciter data:
Kexc=180, Texc=0.02
SVC control system data:
K svc = 80 ,T svc = 0.05s ,T1 = 0.65s ,T 2 = 0.2s ,

5 Conclusion
The results of this paper show that the stress
conditions and the presence of SVC can lead to an
adverse nonlinear torsional interaction (SSTI) between
the steam power plant turbine generator set and the SVC
controllers. The results show that the SVC parameters
have important effect on the level of nonlinear
interaction. For instance, for high values of voltage
regulator gains, and large firing delays of thyristors, the
nonlinear interaction between torsional modes and SVC
controllers is extremely increased. It is observed that in
case of adverse interaction the dynamic performance of
power system is greatly affected in terms of increase in
the amplitudes of torsional oscillations. In this situation,
the linear modal analysis encounters the erroneous
results in predicting the excitation of the torsional
oscillations. However, the nonlinear modal analysis
based on the Modal Series method can well show the
adverse SSTI with SVC controllers. The comparison
between the nonlinear simulation, approximate linear
and MS method verify the obtained analytical results of
nonlinear interaction. It can be concluded that for safe
operation of power plants in the presence of SVC
regarding the SSTI, such study to be performed using
the nonlinear modal analysis like MS method.

Tb = 0.004s ,Td = 0.001s ,T m = 0.0045s
Qsvc = ±350MVAr

Appendix
Load flow solution for the test system (Sbase = 100
MVA)
Generation (pu)

Load (pu)

Bus

Voltage
(pu)

Active

Reactive

Active

Reactive

SVC
(pu)

1

1.03

1.887

0.697

-

-

-

2

1.02

1.6

0.156

-

-

-

3

1.02

1.6

0.322

-

-

-

4

0.997

-

-

-

-

-

5

1

-

-

2.3

0.92

1.21

6

0.914

-

-

2.2

0.88

-

7

1.015

-

-

-

-

-

8

0.995

-

-

2

0.80

-

9

1.006

-

-

-

-

-

10

1.009

-

-

-

-

-

11

1.02

1.6

0.251

-

-

-
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