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 Abstract: This research focuses on electromagnetic position sensors, particularly 
synchros, which play a crucial role in the closed-loop control systems of permanent 
magnet synchronous machines (PMSMs). Compared to two-phase resolvers, three-phase 
synchros provide enhanced reliability by ensuring continued operation even in the event 
of an open-circuit fault. One of the key challenges in designing such sensors lies in 
selecting optimal windings and configurations while also developing efficient modeling 
techniques to minimize computational complexity. To address this issue, the study 
introduces a matrix-based method for designing wound rotor (WR) synchros. This 
approach allows for flexible configurations depending on the number of pole pairs and 
stator tooth counts. The proposed design methodology ensures adaptability and 
precision, making it a valuable tool for engineers working on electromagnetic sensor 
development. To validate the effectiveness of the proposed method, the Field 
Reconstruction Method (FRM) is employed, providing a fast and accurate modeling 
technique that can be implemented using MATLAB. Additionally, a comparative 
analysis is conducted with finite element analysis (FEA) to confirm the accuracy and 
reliability of the approach. Results demonstrate that the matrix-based method is an 
efficient and effective solution for optimizing WR synchro designs, significantly 
improving performance and computational efficiency. 

Keywords: Analytical model, finite element method (FEM), synchro, wound rotor 
(WR). 

 

1  Introduction 

N high-performance motion control systems for 
electrical machines, position sensors play a crucial 

role in ensuring precision and reliability. These sensors 
operate based on various technologies, including 
electromagnetic, optical, and resistive methods. Among 
them, optical and electromagnetic sensors are 
particularly favored due to their contactless operation 
and high accuracy [1]-[2]. Electromagnetic sensors, in 
particular, are highly suitable for demanding 
environments with significant temperature variations and 
strong vibrations [3]. These sensors are classified into 
two main categories: Hall-effect sensors and magnetic 
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induction sensors. While Hall-effect sensors are less 
suitable for high-precision applications [4], magnetic 
induction sensors provide superior accuracy. Magnetic 
induction sensors are further divided into generator-type 
and transformer-type sensors. Transformer-type sensors 
excel in detecting small linear and rotary displacements, 
whereas linear and rotary selsyns are used for measuring 
larger motion ranges. Selsyns are categorized based on 
their core material and phase structure, with two primary 
types: air-core and ferromagnetic-core selsyns. Air-core 
selsyns, commonly referred to as "Inductosyns," and 
ferromagnetic-core selsyns, which include three-phase 
"Synchros" and two-phase "Resolvers," represent the 
most widely used variants. However, inductosyns are 
generally less preferred due to their lower induced 
voltage [5]. Functionally, selsyns operate on a principle 
similar to that of synchronous generators. Unlike 
generators, however, selsyn excitation windings are 
powered by high-frequency AC voltage. This results in 
Amplitude Modulation (AM) of the induced voltage in 
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the stator windings. The envelopes of these AM voltages 
are then processed by a synchro-to-digital converter 
(SDC) to determine the angular position [6]. 

To develop and manufacture these types of sensors, 
similar to electrical machines, a structured design 
process must be followed. Researchers utilize two 
primary approaches for predicting performance and 
optimizing electrical machines: numerical and analytical 
methods. Both are fundamentally derived from 
Maxwell's equations but differ in their advantages and 
limitations. Numerical methods, such as the finite 
element method (FEM) [8], offer high accuracy and can 
accommodate complex geometries and nonlinear 
material properties. However, they are often 
computationally intensive and less suitable for time-
sensitive optimization tasks. In contrast, analytical 
methods, though generally less precise than numerical 
techniques, are computationally efficient and easier to 
implement, making them advantageous for rapid 
analysis. Given the focus on selsyns, it is important to 
explore analytical modeling techniques applied to their 
design and optimization. Various analytical methods 
have been proposed, each with distinct strengths and 
limitations in modeling. For instance, the magnetic 
equivalent circuit (MEC) model [9] has been 
successfully employed to predict the performance of 
different selsyn variants, including multi-turn resolvers 
[10]. Although the magnetic equivalent circuit (MEC) 
model offers a satisfactory simulation time, its accuracy 
is limited, particularly for variable reluctance (VR) 
resolvers. This limitation arises from the assumption that 
magnetic flux lines run parallel within the air gap, which 
does not hold for VR structures with significant 
variations in air-gap length or area. An alternative 
approach, the subdomain model [11], was applied in [12] 
to model a linear wound-field resolver. While this 
method provides highly accurate predictions of flux 
density in the air gap, accounting for longitudinal end 
effects and slotting, it is computationally demanding 
[12]. Moreover, the subdomain model is only effective 
for problems where boundary conditions align with one 
of the coordinate system axes [13], making it unsuitable 
for modeling VR selsyns with complex rotor geometries. 
Similarly, the winding function (WF) method [14] has 
been used for resolver modeling. However, like the 
MEC model, it assumes parallel flux paths in the air gap, 
limiting its accuracy in certain cases [15]. Additionally, 
several studies have investigated alternative approaches, 
such as the magneto-motive force-permeance (MMF-
permeance) method [16] and the relative permeance 
method [17]. To overcome the challenges associated 
with analytical modeling of selsyns, this paper proposes 
the FRM for synchro analysis. Originally introduced in 
[18] and [19] for analyzing permanent magnet (PM) 
synchronous machines, FRM determines the air-gap 
magnetic flux density by summing the contributions of 

various sources, such as winding currents or permanent 
magnets, based on the principle of superposition. In this 
approach, fundamental functions derived from finite 
element method (FEM) simulations represent these flux 
contributions. Once obtained, these functions can be 
used to compute the magnetic field for any rotor position 
or winding current without requiring additional FEM 
simulations [20]-[21], significantly reducing 
computational effort. Moreover, FRM is simple to 
develop, quick to implement, and easily adaptable for 
various synchro configurations, making it a highly 
efficient modeling technique. Additionally, this paper 
presents a systematic approach for simplifying selection 
and configuring synchro windings, thereby optimizing 
both the design and manufacturing process. The 
proposed winding technique is adaptable to various pole-
tooth configurations in WR-synchros. This method 
employs matrix calculus to transform the three-phase 
synchro signals into two components. If these 
components exhibit pure sinusoidal waveforms with 
minimal total harmonic distortion (THD), it ensures that 
the resulting three-phase system (synchro) performs 
optimally. This approach enables the precise design of 
winding arrangements to enhance overall performance. 

2 Principle Operation of Synchro  

Fig. 1 illustrates the fundamental operating principle of 
a synchro, a sensor commonly used for measuring 
angular positions. The device consists of four windings 
placed on ferromagnetic cores: one excitation winding 
and three output (signal) windings. The excitation 
winding plays a crucial role in generating the magnetic 
flux (φg) and is connected to an alternating current (AC) 
voltage source. The three signal windings are 
mechanically positioned at 120-degree intervals and 
interface with a synchro-to-digital converter (S2D). The 
S2D extracts position and speed data while exhibiting 
high input impedance, ensuring minimal current flow 
through the signal windings. As a result, the excitation 
current primarily determines the magnetic field within 
the synchro. When an AC voltage is applied to the 
excitation winding at a frequency significantly higher 
than the rotor speed  
(2πfs ≫ ωr), voltages are induced in the output windings. 
These induced voltages contain essential information for 
position estimation, making synchros reliable sensors in 
precision motion control applications. These induced 
voltages can be described using the following 
mathematical expressions [6]:  

𝜁𝜁𝑆𝑆1(𝑡𝑡,𝜃𝜃) = 𝛼𝛼𝑈𝑈𝑚𝑚sin 𝜔𝜔𝑟𝑟𝑡𝑡cos (𝜃𝜃 + 120∘)                   (1) 

𝜁𝜁𝑆𝑆2(𝑡𝑡,𝜃𝜃) = 𝛼𝛼𝑈𝑈𝑚𝑚sin 𝜔𝜔𝑟𝑟𝑡𝑡cos (𝜃𝜃)                                (2) 

𝜁𝜁𝑆𝑆3(𝑡𝑡,𝜃𝜃) = 𝛼𝛼𝑈𝑈𝑚𝑚sin 𝜔𝜔𝑟𝑟𝑡𝑡cos (𝜃𝜃 − 120∘)                   (3) 
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Fig 1. Principle operation of synchro. 

 

Here, 𝜃𝜃 represents the position of rotor, 𝛼𝛼 is the ratio 
of transformation of the synchro, 𝑈𝑈𝑚𝑚is amplitude of 
exciting voltage, and 𝜁𝜁𝑆𝑆1, 𝜁𝜁𝑆𝑆2 and 𝜁𝜁𝑆𝑆3 represent the 
induced voltages in the signal windings. The provided 
above equations describe the phase voltages of the 
synchro, which can be transformed into line voltages by 
computing the voltage differences between the terminals 
S3 and S1, S2 and S3, as well as S1 and S2. Further 
details on the simplification method can be found in [6]. 
The line voltage equations for the synchro are as 
follows, enabling the calculation of the rotor position. 

𝜁𝜁𝑆𝑆3−𝑆𝑆1(𝑡𝑡,𝜗𝜗) = 𝑈𝑈𝑚𝑚sin 𝜔𝜔𝑟𝑟𝑡𝑡sin (𝜗𝜗) (1) 

𝜁𝜁𝑆𝑆2−𝑆𝑆3(𝑡𝑡,𝜗𝜗) = 𝑈𝑈𝑚𝑚sin 𝜔𝜔𝑟𝑟𝑡𝑡sin (𝜗𝜗 + 120∘) (2) 

𝜁𝜁𝑆𝑆1−𝑆𝑆2(𝑡𝑡,𝜗𝜗) = 𝑈𝑈𝑚𝑚sin 𝜔𝜔𝑟𝑟𝑡𝑡sin (𝜗𝜗 − 120∘) (3) 

Generally, a synchro generates three sine waves, each 
separated by 120 degrees, all maintaining a uniform 
amplitude at the carrier frequency for any specified fixed 
spatial angle 𝜗𝜗. By neglecting discrepancies, the 
following method can be used to determine the ratio of 
the amplitudes: 

𝜁𝜁𝑆𝑆3−𝑆𝑆1
𝜁𝜁𝑆𝑆2−𝑆𝑆3

=
sin (𝜗𝜗)

sin(𝜗𝜗 + 120∘)
 

(4) 

𝜁𝜁𝑆𝑆2−𝑆𝑆3
𝜁𝜁𝑆𝑆1−𝑆𝑆2

=
sin(𝜗𝜗 + 120∘)
sin(𝜗𝜗 − 120∘)

 
(5) 

𝜁𝜁𝑆𝑆1−𝑆𝑆2
𝜁𝜁𝑆𝑆3−𝑆𝑆1

=
sin(𝜗𝜗 − 120∘)

sin (𝜗𝜗)
 

(6) 

In conclusion, the placement of rotor (ϑ) can be 
determined using the following method: 

tan (𝜗𝜗) =
0.866

�𝜁𝜁𝑆𝑆3−𝑆𝑆1𝜁𝜁𝑆𝑆2−𝑆𝑆3
+ 0.5�

 (7) 

Notably, if one of the synchro's phases is interrupted, the 
device's performance remains unaffected, and the shaft 

position can still be determined using the remaining two 
phases. This attribute significantly enhances the 
synchro's reliability.  

3 Proposed Winding Technique 

One of the most critical aspects of synchro design is 
selecting the winding type, configurations. The approach 
presented here is both comprehensive and efficient, 
eliminating the need for complex and time-consuming 
processes. To optimize the winding configuration of the 
WR synchro, that is assumed that the rotor winding 
follows the arrangement described in (11).  

𝑇𝑇𝐸𝐸(𝑖𝑖) = 𝑇𝑇𝐸𝐸𝐸𝐸 cos𝑃𝑃𝛽𝛽𝑖𝑖 (8) 

where 𝑇𝑇𝐸𝐸𝐸𝐸 represents the maximum number of turns for 
excitation coil, and 𝛽𝛽𝑖𝑖 the angular position of the rotor’s 
ith tooth:  

𝛽𝛽𝑖𝑖 =
2𝜋𝜋
𝑧𝑧𝑟𝑟

(𝑖𝑖 − 1) (9) 

This specific excitation coil generates a magnetic flux 
that interacts with the stator teeth, with its distribution 
varying based on the rotor position and the number of 
stator teeth, as in (13) [22]: 

𝜑𝜑𝑠𝑠(𝑘𝑘,𝜃𝜃𝑟𝑟) = φcos 𝑃𝑃(𝛼𝛼𝑘𝑘 − ϑ) (10) 

In this scenario, φ represents an unchanging coefficient 
that correlates directly with the input current. It relies on 
the geometric parameters and remains unaffected by the 
position of rotor (ϑ). It is important to note that the input 
current in a synchro follows a sinusoidal waveform with 
a constant amplitude and a frequency significantly 
higher than the rotor's angular velocity (𝑑𝑑ϑ/𝑑𝑑𝑡𝑡). 
Consequently, the induced voltage in a single turn of the 
kth stator coil can be expressed as follows: 

𝑣𝑣𝑠𝑠(𝑘𝑘,ϑ) =
𝑑𝑑φ
𝑑𝑑𝑡𝑡

cos 𝑃𝑃(𝛼𝛼𝑘𝑘 − ϑ) 
(11) 
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As a result, the voltage induced in the stator coils 
manifests as amplitude-modulated signals, where the 
carrier wave is given by 𝑑𝑑φ/𝑑𝑑𝑡𝑡. To extract the envelope 
of 𝑣𝑣𝑠𝑠, a demodulation block is integrated within 
Synchro-to-Digital Converters (SDCs), as follows: 

𝜉𝜉𝑠𝑠(𝑘𝑘,ϑ) = 𝜉𝜉cos 𝑃𝑃𝑘𝑘(𝛼𝛼𝑘𝑘 − ϑ) (12) 

By utilizing trigonometric formulas: 

𝜉𝜉𝑠𝑠(𝑘𝑘,ϑ) = 𝜉𝜉𝑐𝑐(ϑ)cos 𝑃𝑃𝛼𝛼𝑘𝑘 + 𝜉𝜉𝑠𝑠(ϑ)sin 𝑃𝑃𝛼𝛼𝑘𝑘 (13) 

𝜉𝜉𝑐𝑐(ϑ) = 𝜉𝜉cos 𝑃𝑃ϑ (14) 

𝜉𝜉𝑠𝑠(ϑ) = 𝜉𝜉sin 𝑃𝑃ϑ (15) 

In this context, the 𝜉𝜉𝑐𝑐and 𝜉𝜉𝑠𝑠 components are regarded as 
the target signals, representing the desired output for 
optimal winding configuration. The voltage induced in 
each stator coil, as formulated in (16), can be expressed 
in matrix form as follows: 

⎣
⎢
⎢
⎢
⎡
𝜉𝜉𝑠𝑠(1,ϑ)

⋮
𝜉𝜉𝑠𝑠(𝑘𝑘,ϑ)

⋮
𝜉𝜉𝑠𝑠(𝑧𝑧𝑠𝑠,ϑ)⎦

⎥
⎥
⎥
⎤

= �

1 0
cos𝑃𝑃𝛼𝛼𝑘𝑘 sin𝑃𝑃𝛼𝛼𝑘𝑘

⋮ ⋮
cos𝑃𝑃𝛼𝛼𝑧𝑧𝑠𝑠 sin𝑃𝑃𝛼𝛼𝑧𝑧𝑠𝑠

� �𝜉𝜉𝑐𝑐
(ϑ)

𝜉𝜉𝑠𝑠(ϑ)� (16) 

To maximize the utilization of all stator teeth in 
conventional wound rotor (WR) synchros, it is advisable 
to place a coil on each stator tooth. However, to form 
three windings, these coils must be interconnected in a 
manner similar to traditional WR synchros. This raises a 
key question: which coils should be interconnected, and 
how many turns should each coil have? By employing 
coils with an equal number of turns on each stator tooth, 
the left-hand side of (19) is obtained as a vector 
representation. The matrix on the right-hand side of (19) 
depends solely on the number of pole pairs in the 
synchro and the total number of stator teeth. 
Consequently, a system of 𝑧𝑧𝑠𝑠 equations with two 
unknowns is established, allowing the desired results to 
be obtained by solving this system. To address the coil 
interconnection challenge, a mathematical approach is 
employed. By applying a constant multiplication to each 
row of (19) and summing the resulting equations, three 
new equations can be derived. For instance, in the case 
of a synchro with 12 stator slots, (19) can be rewritten as 
follows: 

�𝜉𝜉𝑠𝑠(1,𝜃𝜃𝑟𝑟)⋯𝜉𝜉𝑠𝑠(12,𝜃𝜃𝑟𝑟)�𝑇𝑇 =
1
2 × 

�2 √3 1 0 −1 −√3 −2 −√3 −1 0 1 √3
0 1 √3 2 √3 1 0 −1 −√3 −2 −√3 −1

�
𝑇𝑇

 

× �𝜉𝜉𝑐𝑐(ϑ) 𝜉𝜉𝑠𝑠(ϑ)�𝑇𝑇 (17) 

Various solutions can be derived to transform (20) into a 
new equation. One such solution is presented as follows: 

�
 Wind. 1 
 Wind. 2
 Wind. 3

� = 
 

�
𝜉𝜉𝑠𝑠(1,ϑ) + 𝜉𝜉𝑠𝑠(2,ϑ) + 𝜉𝜉𝑠𝑠(3,ϑ) + 𝜉𝜉𝑠𝑠(4,ϑ)
−𝜉𝜉𝑠𝑠(5,ϑ) − 𝜉𝜉𝑠𝑠(6,ϑ) − 𝜉𝜉𝑠𝑠(7,ϑ) − 𝜉𝜉𝑠𝑠(8,ϑ)
𝜉𝜉𝑠𝑠(9,ϑ) + 𝜉𝜉𝑠𝑠(10,ϑ) + 𝜉𝜉𝑠𝑠(11,ϑ) + 𝜉𝜉𝑠𝑠(12,ϑ)

� 

 

= �
2.3660 2.3660
3.2321 −0.8660
0.8660 −3.2321

� �𝜉𝜉𝑐𝑐
(ϑ)

𝜉𝜉𝑠𝑠(ϑ)� 
(18) 

Above strategy is defined as Case 1 and Case 2 can be 
written as:  

�
 Wind. 1 
 Wind. 2
 Wind. 3

� = 
 

�
𝜉𝜉𝑠𝑠(1,ϑ) + 𝜉𝜉𝑠𝑠(2,ϑ) + 𝜉𝜉𝑠𝑠(7,ϑ) − 𝜉𝜉𝑠𝑠(8,ϑ)

+𝜉𝜉𝑠𝑠(3,ϑ) + 𝜉𝜉𝑠𝑠(4,ϑ) + 𝜉𝜉𝑠𝑠(9,ϑ) − 𝜉𝜉𝑠𝑠(10,ϑ)
𝜉𝜉𝑠𝑠(5,ϑ) + 𝜉𝜉𝑠𝑠(6,ϑ) + 𝜉𝜉𝑠𝑠(11,ϑ) − 𝜉𝜉𝑠𝑠(12,ϑ)

� 

 

= �
1.7321 1

0 2
−1.7321 1

� �𝜉𝜉𝑐𝑐
(ϑ)

𝜉𝜉𝑠𝑠(ϑ)� 
(19) 

Equations (21) and (22) demonstrate that the selected 
synchro winding configuration is optimized when the 
two components, 𝜉𝜉𝑐𝑐and 𝜉𝜉𝑠𝑠, exhibit the lowest THD. A 
closer examination of the given equation reveals a 
dimensional inconsistency in the matrices, preventing a 
direct solution. This issue arises because matrix 
inversion typically requires a square matrix. To 
overcome this limitation, an efficient method is 
proposed, as outlined in the following equation: 

[W] = [𝑆𝑆][𝐸𝐸] (20) 

[𝑆𝑆]𝑇𝑇[W] = [𝑆𝑆]𝑇𝑇[𝑆𝑆][𝐸𝐸] (21) 

[𝐺𝐺] = [𝑆𝑆]𝑇𝑇[𝑆𝑆] (22) 

[𝐸𝐸] = [𝐺𝐺]−1[𝑆𝑆]𝑇𝑇[W] (23) 

Where: 

   [W] = �
 Wind. 1 
 Wind. 2
 Wind. 3

� (24) 

[𝑆𝑆] = �

1 0
cos𝑃𝑃𝛼𝛼𝑘𝑘 sin𝑃𝑃𝛼𝛼𝑘𝑘

⋮ ⋮
cos𝑃𝑃𝛼𝛼𝑧𝑧𝑠𝑠 sin𝑃𝑃𝛼𝛼𝑧𝑧𝑠𝑠

� (25) 

[𝐸𝐸] = �𝜉𝜉𝑐𝑐
(ϑ)

𝜉𝜉𝑠𝑠(ϑ)� (26) 

Under the assumption made in (21), it is recommended 
that each stator tooth is equipped with a single set of 
coils having an identical number of turns. Notably, the 
orientation of the coils on teeth #5 through #8 must be in 
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contrast to the orientation of coils on the remaining 
teeth. Fig. 2 provides a visual representation of the stator 
of a WR synchro, showcasing the two different 
configurations of the proposed winding. The output 
signals (𝜉𝜉𝑐𝑐and 𝜉𝜉𝑠𝑠) obtained from the converter for Case 
1 are presented in Fig. 3(a). Likewise, the results for 
Case 2 have been extracted; however, as depicted in Fig. 
3(b), the converter output in this case is suboptimal. 
These findings indicate that the winding configuration in 
Case 1 yields a more favorable synchro response. 

4 Performance analysis of the WR-Synchro Based on 
proposed FRM 

Synchros are engineered to operate with their 
ferromagnetic cores well below the saturation point on 
the B-H curve, typically around 10 mT [2]. This design 
strategy ensures that the cores retain linear magnetic 
characteristics, which justifies the employing the 
superposition principle in synchro modeling. As outlined 
in section II, the output windings connect to a synchro-
to-digital converter (S2D) that possesses a high 
impedance in input, resulting in minimal current flow 
through these windings. Consequently, the magnetic 
field generated by the synchro is not influenced by the 
signal windings. Since the excitation coils primarily 
produce the magnetic field, the stator windings (signals) 
can be considered negligible during the calculation of 
the magnetic field. In other words, despite a 120-degree 
phase shift between the signal windings and the 
formation of mutual inductance between them, this 
mutual inductance does not significantly contribute to 
the creation of the magnetic field. To evaluate the flux 
linkage and the induced voltage within the output 
windings, post-processing techniques can be applied. 
Assuming linearity, the magnetic vector potential 𝛽𝛽 can 
be represented as follows: 

𝛽𝛽2(𝑟𝑟,𝜑𝜑, 𝑧𝑧) =
𝑖𝑖exc2
𝑖𝑖exc1

𝛽𝛽1(𝑟𝑟,𝜑𝜑, 𝑧𝑧) (27) 

In the cylindrical coordinate system, the coordinates 
(𝑟𝑟,𝜑𝜑, 𝑧𝑧) denote the placement of 𝜏𝜏 at any chosen 
position. The magnetic vector potentials 𝛽𝛽1 and 
𝛽𝛽2correspond to the excitation currents 𝑖𝑖excl  and 𝑖𝑖exc2 at a 
given position of rotor 𝜗𝜗. Due to the symmetrical design 
of synchros, the magnetic vector potential exhibits 

periodic behavior concerning the rotor position for a 
specified excitation 

current. This means that if 𝛽𝛽1����⃗  and 𝛽𝛽1,𝑛𝑛�������⃗  represent the 
magnetic vector potentials for the 𝑖𝑖excl  at 𝜗𝜗 and 𝜗𝜗 + 𝑘𝑘𝜏𝜏, 
respectively, then: 

𝛽𝛽1,𝑛𝑛�������⃗ (𝑟𝑟,𝜑𝜑, 𝑧𝑧) = 𝛽𝛽1(𝑟𝑟,𝜑𝜑 − 𝑘𝑘𝜏𝜏, 𝑧𝑧) (28) 

here 𝑘𝑘 = 0,1,2,3, … , 𝑧𝑧𝑠𝑠 − 1, 𝜏𝜏 = (2𝜋𝜋/𝑧𝑧𝑠𝑠), 𝑧𝑧𝑠𝑠is the 
number of stator teeth, and 𝜏𝜏 represents the rotor's 
rotation for a WR synchros. Therefore, the vector 
potential of the magnetic field at any specified input 
current and rotor position can be derived by solving for 
the magnetic vector potential associated with a rotor 

 
(a) 

 
(b) 

Fig. 2: Diagram illustrating the suggested winding 
technique: (a) Case 1 and (b) Case 2 
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(b) 

Fig. 3: Obtained from 2D FEA for the proposed winding of 
the studied WR-synchro, the output signals include: (a) 

Case 1- output of converter with envelopes and (b) Case 2- 
output of converter with envelopes 
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Case 2: Output of Convertor with Envelopes
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(c) 

Fig. 4: (a) structure of studied WR synchro, excitation winding 
configuration, and (c) signals winding 

12 slots Stator
(Location of signal windings)

20 slots Rotor
(Location of excitation coils)

𝜏𝜏

U x

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 32 4 5 76 8 9 1110 12



   6                                                                     Iranian Journal of Electrical & Electronic Engineering, Vol. 21, No. 04, December 2025 

rotation of 𝜏𝜏 using the specified excitation current, based 
on equations (11) and (12). These magnetic fields, 
referred to as basis functions, can be derived through 
either numerical or analytical methods. In this study, the 
basis functions are computed using FEM. Consequently, 
The FRM is called 2D-FRM when the fundamental 
functions are calculated using the 2D-FEM. This is 
further detailed in the subsequent sections. 
In the WR synchro, as illustrated in Fig. 4(a), the 
magnetic field repeats after the rotor completes a 
rotation equivalent to the stator slot pitch, represented as 
𝜏𝜏 = (2𝜋𝜋/𝑧𝑧𝑠𝑠). The excitation winding and signal 
windings, illustrated in Fig. 4(b) and (c). As a result, the 
fundamental functions can include both 𝐿𝐿𝑠𝑠,𝑖𝑖

basis , and the 
𝐿𝐿𝑟𝑟basis . They play a key role in the modeling process. 
These basis functions are expressed as: 

�
𝐿𝐿𝑟𝑟basis (𝜗𝜗); 0 ≤ 𝜗𝜗 ≤ 𝜏𝜏
𝐿𝐿𝑠𝑠,𝑖𝑖

basis (𝜗𝜗); 0 ≤ 𝜗𝜗 < 𝜏𝜏 and 𝑖𝑖 = 1,2, … , 𝑧𝑧𝑠𝑠
 (29) 

As described by equation (12), the 𝐿𝐿𝑟𝑟 across all positions 
of rotor is expressed as: 

𝐿𝐿𝑟𝑟(𝜗𝜗) = 𝐿𝐿𝑟𝑟basis (𝜗𝜗 − 𝜏𝜏(𝑖𝑖 − 1)); 𝜏𝜏(𝑖𝑖 − 1) ≤ 𝜗𝜗 < 𝜏𝜏𝑖𝑖 (30) 

For all rotor positions, the 𝐿𝐿𝑠𝑠,1 located on the first tooth 
of stator is expressed as follow: 

𝐿𝐿𝑠𝑠,1(𝜗𝜗) =

⎩
⎪
⎨

⎪
⎧ 𝐿𝐿𝑠𝑠,1

basis (𝜗𝜗); 0 ≤ 𝜗𝜗 < 𝜏𝜏
𝐿𝐿𝑠𝑠,𝑧𝑧𝑠𝑠

basis (𝜗𝜗 − 𝜏𝜏); 𝜏𝜏 ≤ 𝜗𝜗 < 2𝜏𝜏
𝐿𝐿𝑠𝑠,𝑧𝑧𝑠𝑠−1

basis (𝜗𝜗 − 2𝜏𝜏); 2𝜏𝜏 ≤ 𝜗𝜗 < 3𝜏𝜏
⋮ ⋮

𝐿𝐿𝑠𝑠,2
basis (𝜗𝜗 − (𝑧𝑧𝑠𝑠 − 1)𝜏𝜏);(𝑧𝑧𝑠𝑠 − 1)𝜏𝜏 ≤ 𝜗𝜗 < 2𝜋𝜋

 

(31) 
Consequently, the mutual inductance relating to the 
input winding and any other stator tooth, 𝐿𝐿𝑠𝑠,𝑖𝑖(𝜗𝜗), can be 
expressed as: 

𝐿𝐿𝑠𝑠,𝑗𝑗(𝜗𝜗) = 𝐿𝐿𝑠𝑠,1(𝜗𝜗 − 𝜏𝜏(𝑗𝑗 − 1)); 0 ≤ 𝜗𝜗 < 2𝜋𝜋 (32) 

Once the arrangement of the stator windings is 
identified, the mutual inductance, 𝐿𝐿signal , which 
represents the interaction between the input winding and 
each respective output winding, can be calculated. This 
mutual inductance is defined by: 

𝐿𝐿signal (𝜗𝜗) = � 
𝑧𝑧𝑠𝑠

𝑖𝑖=1

𝑇𝑇signal (𝑖𝑖)𝐿𝐿𝑠𝑠,𝑖𝑖(𝜗𝜗) (33) 

Here, 𝑇𝑇signal (𝑖𝑖) denotes the number of turns of the output 
coil located on the ith tooth of stator. In this study, the 
number of turns in all coils across all the teeth is 
constant; however, their direction follows the pattern 
shown in Fig. 4(c) [6]. The calculation of the input 

current relies on the characteristics of the excitation 
winding, as shown in the follow: 

𝑣𝑣𝑒𝑒𝑒𝑒𝑐𝑐(𝑡𝑡) = 𝑅𝑅 × 𝑖𝑖𝑒𝑒𝑒𝑒𝑐𝑐(𝑡𝑡) +
𝑑𝑑
𝑑𝑑𝑡𝑡

(𝐿𝐿𝑟𝑟(𝜗𝜗) × 𝑖𝑖𝑒𝑒𝑒𝑒𝑐𝑐(𝑡𝑡)) (35) 

In this equation, 𝑣𝑣exc  and 𝑖𝑖𝑒𝑒𝑒𝑒𝑐𝑐 represent the terminal 
voltage and current, respectively, while the electrical 
resistance of the input winding denoted by 𝑅𝑅. As a 
result, the voltage induced in the output windings can be 
written as:  

𝑣𝑣signal (𝑡𝑡) =
𝑑𝑑
𝑑𝑑𝑡𝑡
�𝐿𝐿signal (𝜗𝜗) × 𝑖𝑖exc (𝑡𝑡)� (36) 

It should be highlighted that the mutual inductance 
between each of the signal windings appears in the 
𝑣𝑣signal  equation, due to the 120-degree phase shift 
between the windings. However, due to the negligible 
current in the signal windings, this mutual inductance 
has virtually no impact on the output voltage. 

5 Model Verification 

To assess the precision of the proposed method in 
forecasting the functionality of the synchro, we utilized 
2D-FEM to derive the fundamental functions. We then 
compared the achieved results from the proposed 2D-
FRM method with those of the 2D-FEM model. The 
FEM simulations was run using Ansys Electromagnetic 
Suite 21.2. The rotational speed of the synchro, 𝜔𝜔𝑟𝑟, is 
typically significantly lower than its excitation 
frequency, 𝑓𝑓𝑠𝑠,. This allows for the assumption that the 
basis functions stay unchanged during each excitation 
period. Consequently, calculating the fundamental 
functions over a rotor rotation equivalent to one stator 
slot pitch, using a step size of (𝜔𝜔𝑟𝑟/𝑓𝑓𝑠𝑠), is sufficient. In 
the case of the synchro studied here, the rotor speed is 
480 r/min, and the excitation frequency is 5 kHz. 
Therefore, the period is 0.215 seconds. Since there are 
12 slot pitches in one period, each slot pitch lasts for 
10.4166 ms. In the simulations, the time step is set to 
12.5 µs, meaning that approximately 834 static FEM 
simulations are needed for the full computation of 
fundamental functions. As previously stated, the basis 
for the fundamental functions is the 𝐿𝐿𝑟𝑟 alongside the 𝐿𝐿𝑠𝑠,𝑖𝑖. 
They are determined by injecting a steady current 𝑖𝑖𝑡𝑡 into 
the input winding while the rotor is positioned at a 
specific angle (𝜗𝜗0). The corresponding magnetic field is 
then determined by solving Maxwell's equations using 
the static FEM. From the resulting magnetic field, the 𝜆𝜆𝑟𝑟 
and 𝜆𝜆𝑠𝑠,𝑖𝑖 are obtained. To find the 𝐿𝐿𝑟𝑟basis and 𝐿𝐿𝑠𝑠,𝑖𝑖

basis, the 
flux linkages are divided by the 𝑖𝑖𝑡𝑡, as described in the 
following equations: 

𝐿𝐿𝑟𝑟basis(𝜗𝜗0) =
𝜆𝜆𝑟𝑟(𝜗𝜗0)
𝑖𝑖𝑡𝑡

                  

𝐿𝐿𝑠𝑠,𝑖𝑖
basis(𝜗𝜗0) =

𝜆𝜆𝑠𝑠,𝑖𝑖(𝜗𝜗0)
𝑖𝑖𝑡𝑡

; 𝑖𝑖 = 1,2, … , 𝑧𝑧𝑠𝑠
 

(34) 
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This procedure is carried out for 834 different rotor 
positions, using a step size of approximately 30°

834� ≈
0.036°, ensuring coverage of the pitch of a single slot of 
stator. The fundamental functions derived from the 2D-
FEM are employing to obtain the 𝐿𝐿𝑟𝑟 and 𝐿𝐿𝑠𝑠,𝑖𝑖 for the 
entire rotor rotation. Since the reconstructed inductances 
are discrete, Fourier series curve fitting is employed to 
interpolate the inductance values at other rotor positions. 
Following this, the induced voltage and input current in 
the output windings is computed using equations (18) 
and (19), which are solved using common numerical 
methods such as backward Euler as follow: 

𝑖𝑖exc. 
𝑘𝑘+1 = 𝑣𝑣exc. 

𝑘𝑘+1 Δ𝑡𝑡
𝐿𝐿𝑟𝑟𝑘𝑘+1 + 𝑅𝑅Δ𝑡𝑡

+ 𝑖𝑖exc. 
𝑘𝑘 𝐿𝐿𝑟𝑟𝑘𝑘

𝐿𝐿𝑟𝑟𝑘𝑘+1 + 𝑅𝑅Δ𝑡𝑡
 (37) 

𝑣𝑣signal 
𝑘𝑘+1 =

𝐿𝐿signal 
𝑘𝑘+1 𝑙𝑙𝑒𝑒𝑒𝑒𝑐𝑐.

𝑘𝑘+1 − 𝐿𝐿signal 
𝑘𝑘 𝑙𝑙𝑒𝑒𝑒𝑒𝑐𝑐.

𝑘𝑘

Δ𝑡𝑡
 (38) 

Fig. 5(a) compares the input current obtained from the 
proposed FRM method with the results from the 2D-
FEM. In addition, Fig. 5(b) shows the output voltages 
that is induced in the signal windings. The results 
indicate that the induced voltages from the FRM model 
closely match those from the 2D-FEM. Notably, the 2D-
FEM simulation takes about 15 hours to complete, while 
the proposed FRM method only requires 59 minutes 
(plus 1 second for the reconstruction step), making it 
about 16 times faster. In 2D-FEM simulations, 
computational time is often extended due to factors such 
as high excitation frequency and a large number of 
meshes—in this particular case, the number of meshes is 
over 9600, and the excitation frequency is 5 kHz. An 
important point to consider is that the harmonics present 
within the range of the excitation frequency do not affect 
the performance of synchros. These harmonics are 
eliminated during the filtering process of the synchro's 
output signals when extracting the envelopes. Therefore, 
larger time steps can be used in calculating the 
inductances required for FRM simulations, which can 
significantly reduce the overall computational time. 
Also, in Maxwell Ansys, the calculation of inductances 
can be performed automatically through built-in 
software features. However, enabling these features 
often leads to longer simulation times because the 
automatic calculation involves the computation of 
mutual inductances between all coils. As an alternative 
method to reduce computational time, a fixed current Itest 
can be applied to the excitation coil, and the flux linkage 
with both the excitation coil and signal coils can be 
measured to compute the required inductances. In this 
method, dividing the flux linkage by the constant current 
yields the inductances., which directly eliminates the 
need to compute mutual inductances between the signal 
coils. As a result, the computational burden is reduced, 
and the simulation time for extracting the parameters in 

the FRM method is shortened. Furthermore, the position 
error comparison between the 2D-FEM and the FRM 
model, as presented in Table I, highlights the FRM's 
accuracy in predicting synchro performance. 
Additionally, the position error calculated from the 2D-
FEM and 2D-FRM further demonstrates the 
effectiveness of the proposed model in predicting 
synchro performance, as illustrated in Fig. 5(c). 

6 Conclusion 

This paper presents a structured approach to streamline 
the design and selection of synchro windings and 
functional modeling. The proposed method not only 
simplifies the process but also significantly reduces the 
time required for design and optimization. This method 
utilizes matrix calculations to map the selected synchro 
winding configuration into two fundamental 
components. 

 
(a) 

 
(b) 

 
(c) 

Fig. 5: Outcomes of the analyzed WR synchro derived from 
2D-FEM and the proposed FRM.: (a) excitation current, (b) 

induced voltages, and (c) position error 
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Table 1.  Comparison results from 2D FEM and 2D FRM of 
WR Synchro Performance  

 2D-
FEM 2D-FRM Deviation (%) 

THD (%) 0.9594 0.9513  0.844 
AAPE (Deg) 0.3980 0.3948 0.8 

Simulation time  900 
(min)  59 (min) - 
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If these components exhibit minimal Total Harmonic 
Distortion (THD), it indicates that the optimal winding 
arrangement for the synchro has been achieved. 
Additionally, this article presents the FRM as a method 
for modeling synchros. Initially, the principle behind the 
FRM method was explained, followed by its 
implementation for the WR synchro, particularly 
focusing on non-overlapping on-tooth windings. The 
fundamental functions of the FRM were calculated using 
the FEM, a well-established technique for analyzing 
electrical machines, including synchros. The outcomes 
of the proposed FRM model were subsequently 
compared to those derived from FEM simulations. For 
the WR synchro, the AAPE comparison revealed a 
deviation of less than 1%. Despite these small 
deviations, the FRM method significantly reduced 
simulation time, performing between 16 times faster 
than FEM. For instance, the simulation time for the WR 
synchro using FRM was 59 minutes. In conclusion, the 
FRM method serves as a powerful complementary tool 
to FEM for the analysis of synchros, particularly those 
with complex structures. 
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