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3. Space Charge Limited Region 
In SCL region, the main equation for electric 

potential is the following differential equation which is 
the combination of poison’s equation, energy 
conservation and continuity equation. 

2
0

2
0

( )
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Jd V x

dx V xε η
=          (2) 

where e
m

η =  and J0 is the same current density Ja in 

SCL region which is unknown. 
Also, there are three boundary conditions as follows 

(0) 0V =              (3) 
( ) aV d V=              (4) 

0
(0) 0|c x

dVE E
dx =

= = =         (5) 

It is well known that the solution of Eq. (2) together 
with Eqs. (3)-(5), is obtained as follows [1]-[4]. 
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Also, the current density is obtained by the 
following relation known as Child-Langmuir equation. 
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4. Temperature Limited Region 

In TL region, the main equation for electric potential 
is the following differential equation which is the 
combination of poison’s equation, energy conservation 
and continuity equation. 
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in which Jsat is the constant current density and is 
known in contrast with SCL region in which J0 is 
unknown. Instead, the electric field at cathode is 
unknown in TL region in contrast with SCL region as in 
Eq. (5). Therefore, there are only two boundary 
conditions (3)-(4) in TL region. 

To solve Eq. (9), we first multiply it by dV
dx

 and 

then integrate to reach this relation. 
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in which c1 is an unknown constant. Integrating two 
sides of Eq. (11), gives us 
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in which c2 is another unknown constant. 
Two constants c1 and c2 are related to each other 

through boundary condition (3), thus 
2
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The boundary condition (4) along with relation (13), 
give us the following relation for the constant c1. 
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After some mathematical manipulation, the value of 
constant c1 is obtained as follows. 
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Substituting (13) and (15) in (12), gives finally us 

the following relation for electric potential function. 
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Also, differentiating Eq. (17) yields electric field as 
follows. 

20 4 ( ) 1( ) (1 2cos )
3 9a

V V xE x J
d V

ϕ= − + +      (18) 

Figures 3 and 4 illustrate electric potential and 
electric field, respectively, versus x, for J  between 
zeros to one with equal distance. It is seen that as the 
normalized current J  approaches zero, the distributions 
of electric potential and electric field tend to those of 
electron-free space. Electric potential distribution tends 
to become linear and electric field distribution tend to 
become constant versus the distance from cathode 
towards anode. 
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