
Iranian Journal of Electrical & Electronic Engineering, Vol. 5, No. 4, Dec. 2009                                                          253 

Accurate Average Value Modeling of Synchronous Machine-
Rectifier System Considering Stator Resistance 

 

M. Shahnazari* and A. Vahedi* 

 
Abstract: An accurate average value model of synchronous machine-rectifier system 
considering the effect of stator resistance is derived in this paper. A proper voltage-behind-
reactance synchronous machine model without any approximations is used for the generator that 
allows effective calculation of commutation displacement angle. All rectification modes of the 
rectifier are studied. A detailed switching model is implemented and validated against 
experimental measurements. The described average value model is evaluated through 
comparison of detailed simulation results and average model in time domain. 
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1 Introduction1 
Synchronous generator-rectifier systems are widely 
used in brushless excitation of synchronous generators, 
wind power generators, aircraft electrical systems, 
automotives, etc. The detailed models of these systems, 
in which the switching of each diode is represented, can 
be readily established using various simulation software 
packages. Using switching models to study the 
machine-rectifier system, makes it unsuitable for 
linearization and control purpose applications. Also, 
because of the need to keep the maximum simulation 
time step well below the switching period, these 
simulations are time and memory consuming. 
Therefore, average models have been used to investigate 
these systems.  

There are two main ways to derive average models 
for diode rectifiers, namely transfer function method 
([1]-[5]) and mathematical derivation method ([6]-[10]). 
The transfer function method founds the relationship 
between the input and output of the rectifier using a 
black box approach. This method is very simple to 
implement, avoids the complex calculation of 
differential equations, and takes into account the 
nonlinearity effects, but it is time-consuming, not 
convenient for variable frequency systems and difficult 
to include and improve for model dynamics. In contrast, 
the mathematical derivation method is not subject to 
these limitations, as closed-form expressions are used to 
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determine the average input and output voltages and 
currents. 

An average value machine-rectifier model that 
allows linking of dq-axis machine model to dc 
quantities was derived in [7]. A reduced-order machine 
model with neglected stator dynamics and fast transients 
associated with the rotor windings was used in [10] in 
order to model the brushless excitation system. 

In [11] a general simulation method for the 
investigation of commutation phenomena and faults in a 
synchronous machine-rectifier system is presented and 
the influence of stator leakage inductance, q-axis 
damper winding inductance and the load resistance on 
the commutation phenomena has been studied. The 
average value models for twelve-pulse transformer-
diode rectifier units used in more-electric aircraft power 
systems have been developed in [12] and [13]. 

In this paper, an efficient voltage-behind-reactance 
(VBR) synchronous machine model without any 
approximations is used for the generator. The 
displacement angle of commutation is effectively 
calculated based on VBR model equations. All modes 
of rectifier operation are considered in average value 
modeling. 
 
2 Machine Model 

In a generator-rectifier system, pairs of stator 
terminals of the generator are short circuited six times 
per one cycle. Therefore its characteristics are different 
from ordinary synchronous machines and a suitable full-
order model is needed for accurate modeling of 
machine-converter system behavior. 

In [7] a dynamic approximate VBR model has been 
used in the analysis and simulation of synchronous 
machine-converter system, under the assumption that 
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the rotor flux linkages don’t change over short time 
intervals. In VBR model used in this study, the 
derivatives of the rotor flux linkages are algebraically 
incorporated into the stator voltage equations. The stator 
circuit is expressed in phase coordinates using the 
physical currents as the independent variables while the 
rotor subsystem is expressed in dq rotor reference 
frame, with the flux linkages used as the independent 
variables. A detailed derivation of the exact VBR model 
can be found in [14]. In this formulation, the stator 
voltage equation can be expressed as: 

"" ]).([).( abcsabcsrabcsabcsrabcsabcs EiLpiRV ++= θθ  (1) 

The resistance (Rabcs) and inductance ( "
abcsL ) 

matrices are expressed by 
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The voltages "
abcsE  are defined as: 
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Rotor dynamics are represented by the following 
equations: 

As can be seen in Eqs. (11) and (12), contrary to 
reduced order machine model, considering the 
derivatives of the rotor flux linkages on the stator 
dynamics provide an added effective stator resistance 
(third term) and an induced back emf (second term) on 
each of the stator windings. The induced voltage is 
independent of the rotor speed. Hence, forming the 
reduced order model is equivalent to neglecting the 
added stator resistance and the induced voltage due to 
the changing rotor flux linkages which in some cases 
yields an unstable representation of the synchronous 
machine. 
 
3 Rectifier Average Value Modeling 

For a three phase machine-rectifier system supplying 
an inductive load (Fig. 1), the rectification process can 
be divided into three distinct modes 1-3, which occur in 
numerical sequence as load current (rectifier’s output 
current)  increases from zero. The rectifier average 
value model computes the average currents flowing in 
the generator terminals from the load current and 
generator parameters. Here, we suppose that the output 
inductance (Ll) is large enough that the load current 
varies slowly. 

Because of symmetry, it is sufficient to consider a 
π/3 interval for example when D2 starts conducting at 
phase angle θr=α and ends at θr=α+π/3 where θr defines 
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as the voltage angle of phase (a) and α is delay angle. 
As a consequence of generator and load inductances, 
transfer of current from a diode to another 
(commutation) in rectifier, creates temporary phase to 
phase short circuit during the cycle. 
 

3.1    Discontinuous Mode 
At relatively low values of load current, the 

commutation of current is fast and ends before the next 
one begins (discontinuous commutation). At the start of 
considered interval, the load current begins to transfer 
from phase b to phase c, hence, D1, D2 and D6 are in 
conduction (commutation period). Both the bridge 
current and diodes currents are discontinuous in this 
mode. Commutation period starts at θr = δ and lasts for 
u where u is the commutation angle (0≤u< π/3). D1, D2 
and D6 are in conduction in this period until D6 turns 
off at θr=δ+u  and conduction period is started wherein 
D1 and D2 conduct during (u+δ≤θr<δ+π/3). 

Using the exact VBR model mentioned above for 
the synchronous generator, displacement angle δ may be 
calculated using the back emf voltages given by Eq. 
(11) and Eq. (12):  

)/(tan ""1
qd ee−=δ  (20) 

The abc currents of stator are: 
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where idc is the rectifier output current and i2 is the 
current of D2 increases from i2(δ)=0 to i2(δ+u)=idc. The 
average rectifier output voltage may be expressed as: 
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Fig. 1 Synchronous generator-rectifier system 

 
The currents iq and id may be computed at θr = δ and 

θr = δ+π/3 using Eq. (21). Then: 
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The average dc voltage is 
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During commutation period, D2 and D6 conduct 
simultaneously and if the diode resistance is neglected, 
a short-circuit between phases b and c is in effect (vbr-
vcr=0). Then:  

Ccrbr =− λλ  (29) 

where C is a constant. Using Eq. (24): 
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Transforming Eq. (21) to qd-axes and substituting 
into Eq. (30) yields: 
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Evaluating this expression at θr=δ and θr=δ+u, we 
obtain: 
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Equation (33) may be solved numerically for the 
commutation angle u. Calculation of u and C allows the 
computation of the average qd-axis rotor currents. Eq. 
(31) is solved for i2 and substituted into Eq. (21), which 
is transformed to dq rotor reference frame. The currents 
of the commutation period are thus: 
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is evaluated numerically. 
On the other hand, the currents of the conduction 

period and their average value (which may be computed 
analytically) are: 
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The total qd-axes currents average value during this 
mode is 21 qdqdqd iii += . 

Discontinuous mode ends when the commutation 
angle u reaches π/3 as idc increases. Then, each 
commutation period occurs simultaneously after 
previous one. 
 

3.2 Continuous Mode 
If load current increases more than its value at the 

end of discontinuous mode, current transfer between D5 
and D1 is not finished at θr=δ and commutation of 
current between D6 and D2 cannot begin. The 
commutation period, then, is delayed in starting.  

In this mode commutation becomes continuous and 
three diodes are always conducting. The commutation 
angle u remains constant at π/3 but start of commutation 
is delayed by an angle α which varies from 0 to π/6 as 
idc increases. This delay is added to the displacement 
angle δ which is calculated using Eq. (20) and α is 

obtained solving a nonlinear equation extracted 
subsequently. 

The stator currents are: 
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The current i2 increases from i2(δ+α)=0 to 
i2(δ+α+π/3)=idc. During this interval: 
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Substituting these currents into Eq. (25) and Eq. 
(23), yields us 
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Substituting Eq. (37) into Eq. (31), evaluating it at 
θr=δ+α and θr=δ+α+π/3 and equating the two results 
yields: 
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This equation is solved numerically for α. The qd-
axes rotor reference currents during this mode is the 
same as commutation period in discontinuous mode  
and their average is: 
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which is evaluated numerically. 
Continuous commutation mode ends when the delay 

angle α equals π/6 as load current increases. 
 

3.3    Simultaneous Commutation Mode 
By the increase of load current, commutation 

between D5 and D1 is not completed at the end of 
continuous commutation mode (θ=δ+π/6) and current 
will begin to transfer between D6 and D2. Thus, for a 
period all three phases are carrying current.  
In this mode the delay angle α remains fixed at π/6 and 
the commutation angle u increases from π/3 to 2π/3 as 
idc increases. The delay angle is δ+π/6 which δ is 
calculated using Eq. (20). 
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At start of this mode (θr=δ+π/6), two commutations 
are taking place simultaneously, four diodes are 
conducting (1, 5, 6 and 2), and a three phase short-
circuit occurs, so vdc=0. The commutation of D1 is at a 
further stage than D2, thus i1(δ+π/6)=im and i2(δ+ 
π/6)=0. At θr=δ+u-π/6, commutation of D5 and D1 
finishes and three diodes conducting (1, 2 and 6), 
applying a line-to-line short-circuit to the generator 
terminals (i1(δ+u-π/6)=idc, i2(δ+u-π/6)=in). This interval 
ends at θ=δ+π/2 when D3 starts conducting and 
i2(δ+π/2)=im due to symmetry. 

The abc currents in this mode are: 
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During the first interval (four diode conducting), var-
vcr=0 and vbr-vcr=0 then: 

1Ccrbr =− λλ  (43) 

2Ccrar =− λλ  (44) 

Equation (43) is valid for the second interval (three 
diodes conducting) too. 

Transforming the abc currents into qd-reference 
frame and substituting them into Eq. (30) results: 
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Substitution of the values of i1 and i2 at θr=δ+π/6 
and θr=δ+π/2 into Eq. (45) yields: 
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Solving Eq. (46) and Eq. (47) for im and C1 results: 
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Also, in may be calculated by evaluating Eq. (45) at 
θr=δ+u-π/6: 
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Equation (44) is valid only for the first interval that 
four diodes conducting. Inserting dq currents at interval 
δ+π/6≤θr<δ+u-π/6 into Eq. (25) and evaluating the 
resultant equation at θr=δ+π/6 and θr=δ+u-π/6 results:  
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The nonlinear Eq. (53) is solved numerically for u. 
During the first interval (δ+π/6≤θr<δ+u-π/6), vdc=0. So, 
it is sufficient to calculate vdc for second interval (δ+u-
π/6≤θr<δ+π/2). Using Eq. (48) - Eq. (50) in conjunction 
with Eq. (23): 
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To compute dq-axes current during first interval, it is 
essential to obtain i1(θr) and i2(θr): 
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Thus the average qd-axes currents may be calculated 
during two intervals using analytical and numerical 
integration. 
 
4 Computer Studies and Experimental Results 

A detailed switching model of a converter connected 
synchronous generator has been implemented in Matlab 
Sim-Power System Toolbox. To validate this model, the 
detailed simulation is compared with online 
measurements taken on a laboratory synchronous 
generator. The measured machine is a small 1.2 kVA, 
220 V, 1500 rpm synchronous generator which its 
parameters are listed in Table 1. The system starts up 
with initial conditions corresponding to steady state 
operation with constant field voltage at 97.7 V and 
nominal generator speed. The initial load resistance is 
72.2 Ω which is changed to 33.2 Ω at t=0.1 sec. The 
time-domain comparison between the detailed switching 
model and the corresponding experimental responses 
are presented in Fig. 2 and Fig. 3, wherein it is shown 
that the detailed model portrays the response of the 
actual hardware system. The proposed machine-
converter average value model has also been 
implemented in Matlab in order to fully compare its 
operation against detailed simulation. The machine 
under study is a 3.7 kW, 230 V, 1800 rpm synchronous 
generator [7]. In order to study the operation of the 
rectifier in discontinuous mode, a load resistance of 40 
Ω  is considered at first so that at time t=0.3 sec., 
decreases to 20 Ω . The load current and a-phase voltage 
are plotted in Fig. 4 and Fig. 5. The computer generated 

response of the detailed model and average value model 
are depicted in Figs. 6-8. 
 
Table 1 Synchronous generator parameters 

rs=1.68 Ω Lls=6.5 mH Lmd=110.1 mH Lmq=95.5 mH

rf=1.72 Ω Llf=24.3 mH rkd=15.41 Ω Lkd=6.4 mH 

rkq1=60.3Ω Lkq1=10.21 mH rkq2=50.6Ω Lkq2=33 mH 
 
 

 
Fig. 2 Load current at resistance step from 72.2 Ω to 33.2 Ω 
 
 

 
Fig. 3 Output voltage at resistance step from 72.2Ω to 33.2 Ω 

 
 

 
Fig. 4 Load current at resistance step from 40 Ω to 20 Ω 
 
 

 
Fig. 5 A-phase voltage during transient 
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Fig. 6 Variation of commutation angle 

 
 

 
Fig. 7 Variation of displacement angle 

 
 

 
Fig. 8 Rectifier output voltage 
 
 

If load resistance decreases to 2.2 Ω , the 
commutation will be continuous. In another study, the 
load resistance is decreased to 1.42 Ω  at time t=0.2 sec. 
The load current and a-phase voltage are plotted in Figs. 
9 and 10. Also, Figs. 11-13 represent the variation of 
commutation delay, displacement angle and output dc 
voltage during transient in continuous commutation 
mode. 
 
 

 
Fig. 9 Rectifier load current 

 

 
Fig. 10 A-phase voltage during transient 

 
 

 
Fig. 11 Variation of commutation delay 

 
 

 
Fig. 12 Variation of displacement angle 

 
 

 
Fig. 13 Output voltage in continuous commutation mode 
 

When load resistance changes, the load current 
increases rapidly and the field current rises in order to 
maintain constant flux. Then, with constant field 
voltage, the field current will decrease and the flux in 
the generator drops. This reduces the back emf which 
causes the load current to decrease. 

These figures show that the average value model 
portrays the response of the detailed model with 
acceptable accuracy. Variation of load current during 
load step change yields the variation of commutation 
and displacement angles as presented in Figs. 6, 7 and 
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12. Because the stator transients are incorporated into 
the average value model of generator-converter system, 
even the transient of the load current is accurately 
captured. Also, as can be seen in Figs. 7 and 12, the 
displacement angle is considerable and cannot be 
neglected for average value modeling of rectifier 
operation. 
 
5 Conclusion 

The efficient voltage-behind-reactance model used 
for synchronous generator is suitable for determining of 
commutation displacement angle. Closed-form 
expressions are obtained to describe the system 
behavior. So, the circuit dynamics can be easily 
included in the average model. A detailed switching 
model was implemented and validated against 
experimental measurements. Finally, the described 
average value model was successfully evaluated against 
detailed simulation and its efficiency in transient 
conditions was demonstrated. The dc voltage obtained 
from the average value model is closed to the mean 
value of detailed simulation. 
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